Abstract. We obtain a uniform bound on the sum of Betti numbers for a class of complete Alexandrov spaces with narrow ends.
Introduction
Alexandrov spaces are complete length spaces with a lower curvature bound and finite Hausdorff dimension. One of the essential differences between Alexandrov spaces and Riemannian manifolds is that points in a compact set do not have a uniform lower bound on their contractibility radius near a singular point.
Gromov gave an upper bound for the Betti numbers of a compact Riemannian manifold in terms of its diameter and the lower bound of the sectional curvatures (see [2] ). This estimate in particular shows that most manifolds admit no metrics of nonnegative sectional curvature. Specifically, in the class of Riemannian manifolds with lower sectional curvature bound Km >k (k < 0) and upper diameter bound diam M < d, Gromov proved that the sum of Betti numbers is bounded above, ¿Zbk(M)<C(n)x+yrikl k=o with respect to any field F, where C(n) is a constant depending only on n = dim M.
The estimate for the upper bound of the sum of Betti numbers does not hold if instead of KM > k one assumes that the Ricci curvature Ric > (« -l)k. This can be seen by examples of Sha and Yang (see [6, 7] ). In this case, however, one can still prove that the first Betti number of M (with respect to the field of real numbers) satisfies bx(M) < C(n)x+v'kd (see [3] ).
For the case of open Riemannian manifolds, Shen introduced the concept of width for a complete Riemannian manifold and gave an upper estimate of the sum of Betti numbers for the class of thin Riemannian manifolds (see [8] ).
Let M be a complete Alexandrov space. The width at p £ M, wp, is defined as wp = supdiamM(Sp(r)), r>0 where diamM(Sp(r)) denotes the diameter of the geodesic sphere Sp(r) of radius r around p, i.e., diamM(Sp(r)) = s\ipxy&Sp^d( where C(n) > 1 is a constant depending only on n = dimM.
We study a class of Alexandrov spaces and obtain an upper estimate for the Betti numbers in that class and in turn generalize Gromov's and Shen's theorems. More precisely, we prove Observe that the constant C does not depend on the number of connected components outside Bp(D\f^-k). Also, under the assumption of our Main Theorem, the manifold has finite topological type; i.e., it is homeomorphic to the interior of a compact manifold with boundary.
For simplicity we assume that the condition in the Main Theorem is Km > -1 and there exists a point p such that each connected component outside the ball BP(D) satisfies w'p < \ . We further assume that D > 10.
Before we prove our Main Theorem, let us state some basic lemmas.
Basic ideas and lemmas
The important concepts in Gromov's proof are critical point theory and the idea of content. d(p, q) ) nKj)\(Bp(D) UBq(l0)) contains a critical point, say x, with respect to p and q , respectively. Then there are two minimal geodesic segments a(f) and r(t) issuing from x to p and q, respectively, such that ¿pxq < f makes an angle at most f . d(p, x) < d(p, q), and
It is also easy to see that
Applying Toponogov's Theorem to the triangle formed by o, x, y, we conclude that coshd(p, q) < coshd(p, x)coshd(q, x). Thus
which is a contradiction. XiX is homotopy equivalent to Bq(l0) by Lemma 2, so we have ¿M*«i) < ¿Zh(Bq(lO), Bq(ll)) < J2bk(Bq(l0), TX(BP(10))).
The second expression is bounded by a constant depending only on n .
There exists an isotopy which sends Bp(RD)\jK¡\Bq( 10) into BP(RD). Thus Xi2 is homotopy equivalent to a subset of M\K¡, say Xn .
On the other hand, X¡x n X¡2 is homotopy equivalent to a compact subset Xn, by the flow of the integral curves ¿M^i nli2) < ¿M*,4, TxXiA) < (l+diamM(Xi4))"C(n)x+ái™» (x»K   k=0  k=0 since diamA,-(^f,4) < 2widthp(Z;4) < 1. Thus S/UoM^rf) is bounded by a constant depending only on n .
We can then obtain the upper bound for the sum of Betti numbers of M provided we obtain the upper bound for the sum of Betti numbers of Xi2, which is the same as that of X,3. To do this, we just take another bounded connected component outside BP(D), say Kj, where i ^ j, and we repeat the procedure used for K¡. We see that we will obtain the upper bound for the sum of Betti numbers of X^ provided we obtain that of Xß. We keep repeating this process until we get a compact subset Y that does not contain any connected component with lp > RD outside BP(RD). It is clear that we will only have to repeat that process for at most m times since there are at most m such components by our claim. In conclusion, we will have the upper bound for the sum of Betti numbers for M provided we have that of Y. However, we already know that the sum of Betti numbers for Y is bounded by which depends only on « and D. Thus, combining all this, we obtain explicitly a bound for M and complete our proof.
